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Abstract 

The macroscopic fundamental diagram (MFD) is a graph relating an average network flow to the average density and is used to 

evaluate traffic-control strategies. However, a large urban network may have multiple flows for any given density; such a condition 

is termed an MFD hysteresis loop. The relationships between this loop and network conditions must be studied when evaluating 

the effects of traffic-control strategies on network performance, especially for multi-modal networks that have received little 

attention to date. Here, we investigated relationships between loop width and height, the spatial density distribution, and network 

performance, via multi-agent simulation of various traffic conditions for cars and buses. We partitioned the MFD loop into two 

parts (the congestion-building and dissipation periods) and found that the correlations between the density distribution and network 

performance, and the heights, of the two parts were stronger than the correlations obtained when the overall loop height was used, 

because the two heights exhibited opposite effects on traffic conditions. We conclude that network performance inversely affects 

flow reduction when the network is loading, whereas the heterogeneous density distribution increases flow reduction during 

network unloading (as congestion dissipates). The criteria for loop partitioning that we develop reveal several relationships not yet 

addressed in the literature, and aid in the evaluation of network performance when MFD hysteresis is in play, facilitating appropriate 

traffic-control decisions.  
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1. Introduction 

Policy-makers need to evaluate the effects of traffic-control strategies (e.g., road pricing) on network-wide traffic 

conditions to determine which strategy to implement. The macroscopic fundamental diagram (MFD), which relates 

the average network flow to the average density, is a simple method by which traffic-control effects can be evaluated. 

Geroliminis and Daganzo (2008) proved the utility of the MFD using real data from Yokohama city. Since that time, 

the MFD has been widely employed to evaluate traffic control-effects on transportation network performance (e.g., 

Knoop et al., 2012, Zheng et al., 2016). Based on empirical data for various freeways, Buisson and Ladier (2009) 

observed the MFD hysteresis loop, in which a given density has different flow values, and concluded that 

heterogeneous density spread might explain the loop. Later, based on simulations, Gayah and Daganzo (2011) 

concluded that an MFD hysteresis loop would exist even in a symmetrical network with uniform demand. Therefore, 

large urban networks may have MFD hysteresis loops. In such cases, analysis of the effects of traffic-control strategies 

must consider the characteristics of such loops; the use of idealized, low-scattered MFD curves alone may compromise 

the accuracy of evaluation. However, traffic-control assessments that consider MFD hysteresis have not yet been 

performed. Moreover, the effects of traffic-control on the overall performance of a multi-modal network have been 

little-studied because of the complexity of individual mode, route, and departure time choices. Our objective was to 

close this literature gap. We explore the effect of MFD loop size on density spatial distribution and network 

performance. Specifically, we analyze these relationships for an interacting multi-modal network by simulating 

different traffic conditions for cars and buses using a multi-agent simulation framework (MATSim). Prior studies on 

MFD hysteresis are reviewed in Section 2. Section 3 illustrates our methodology and Section 4 our results. Finally, 

the principal conclusions are drawn in Section 5. 

 

Nomenclature 

𝑄𝑡 weighted average network flow at time t (veh/h).  

𝐾𝑡  weighted average network density at time t (veh/km). 

𝑞𝑖,𝑡 flow of link i at time t. 

𝑘𝑖,𝑡 density of link i at time t. 

li length of link i. 

z set of links in the network. 

𝐾𝑡 average link density at time t. 

σt standard deviation of density at time t. 

𝜎ℎ𝑦𝑠 average standard deviation of the density over a hysteresis loop (hys).  

𝑇𝑗 trip travel time of traveler j (min). 

𝑇𝑇̅̅̅̅
ℎ𝑦𝑠 average total passenger travel time over a hysteresis loop (hys). 

𝐷𝑇𝑡  the set of travelers whose departure time is t. 

2. Literature review 

Geroliminis and Daganzo (2008) empirically observed an MFD in play in the Yokohama road network using data 

from loop detectors and GPS data from taxis. Later, several empirical studies (e.g., Geroliminis and Sun, 2011, Saberi 

and Mahmassani, 2012) and simulations (e.g., Ji et al., 2010, Gayah, et al., 2014) used MFDs to study urban networks 

and freeways. Many researchers (e.g., Knoop et al., 2012, Zheng et al., 2012, Keyvan-Ekbatani et al., 2013, Simoni et 

al., 2015, Zheng et al., 2016) assessed traffic-control strategies using MFDs and concluded that MFDs were useful 

when evaluating transportation network performance. However, some studies found that MFDs may contain hysteresis 

loops (multiple flows for a given density) (e.g., Buisson and Ladier, 2009, Mazloumian et al., 2010, Gayah and 

Daganzo, 2011, Daganzo et al., 2011). It was suggested that MFD hysteresis might develop when demand was not 

uniformly distributed or because surface streets, city centers, and suburban roads exhibited different characteristics. 

Gayah and Daganzo (2011) explored MFD hysteresis using a simplified two-bin network and found that hysteresis 

existed even when the network was symmetrical with uniform demand. Although MFD hysteresis may affect 
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transportation network performance and density distribution evaluations, few studies are available in the literature. 

Using loop detector data for Portland, Saberi and Mahmassani (2012) studied the effects of spatial and temporal 

congestion and found that density heterogeneity among network links increased MFD scattering. Saberi and 

Mahmassani (2013) investigated MFD hysteresis in Chicago, Portland, and Irvine freeway networks using loop 

detector data, correlating the density distribution (the standard deviation of network occupancy during the recovery 

period) with the area of the hysteresis loop. However, no relationship of density to either loop width or height was 

apparent. Shi and Lin (2014) used loop detector data to investigate the MFD of an urban expressway network in 

Shanghai. The mean speed correlated directly with the hysteresis loop width but not the height (the capacity drop). 

Orfanou et al. (2012) used video data from the I-80 freeway in San Francisco to explore relationships between 

hysteresis loop shape and all of capacity drop, acceleration, and spacing. They classified drivers following other 

vehicles as aggressive or timid. A counter-clockwise hysteresis loop occurred when drivers were aggressive and a 

clockwise hysteresis loop when drivers were timid. Loop formation and duration were affected by driver spacing and 

acceleration, but not capacity drop. Recently, Muhlich et al. (2015) simulated various urban networks differing in 

terms of local street and arterial characteristics, using MFDs to compare traffic performance. The sizes and shapes of 

the hysteresis loops indicated that arterials strongly affected the density spatial distribution. Network performances 

were visually compared in terms of hysteresis loop width and height, but quantitative relationships were not explored. 

In summary, the relationships between MFD hysteresis loop and traffic characteristics require further study. The 

relationship between the capacity drop and network conditions is not fully understood, and hysteresis loops in multi-

modal networks have not been quantitated; these are the topics of this study. 

3. Methodology 

In our preliminary research, Hemdan et al. (2017) simulated various travel choices for a multi-modal network and 

used an MFD to compare them visually; quantitation was not attempted. Here, we sought relationships between loop 

height and width, and network density distribution (the standard deviation of link densities). We estimated MFDs for 

traffic conditions associated with various mode-share ratios on the Sioux Falls network, using a multi-agent transport 

simulation (MATSim). The extended Sioux Falls network used by Chakirov and Fourie (2014) was employed; this 

features urban roads and highways, with 334 links and 282 nodes. The bus network consists of five bus lines with 5-

min headway operations. A total of 168,220 daily trips were simulated (56,904 workers traveling, and 27,206 persons 

performing secondary activities). Each person engaged in only one round trip per day (home–work–home or home–

elsewhere–home). Work activity commenced at 8 a.m. and ended at 6 p.m., and typically lasted 9 h (latest work start: 

9 a.m.); secondary trips were taken between 8 a.m. and 8 p.m. and were completed within 1 h. 

Mode choice was expressed using a random utility model featuring an agent-based, stochastic user equilibrium 

(SUE). The MATSim was performed employing an integrated public transport simulation, in which buses share road 

space with cars and are affected by congestion. Integrated simulation of private and public transport based on a queuing 

model allows time-dependent calculation of travel times and evaluation of spillover effects. As shown in Table 1, we 

tested various supply characteristics and mode-choice combinations for considering a range of MFD loops. The 

simulation framework presented here enables mode choices for some individuals; some may choose to use a car, a 

bus, or to walk. We considered only two modes: cars and buses. We simulated a network featuring mode-choice re-

planning; we fixed the marginal disutility for the bus mode and varied the marginal disutility for the car mode. Mode-

choice re-planning probabilities were permitted for 10% of people. We performed the simulation for 1000 iterations. 

In each iteration, 10% of the agents were allowed for re-planning their mode, while all other agents chose an existing 

plan. After reaching a relaxed system state with (almost) constant average travel times and constant average realized 

utility from iteration to iteration, we simulated 100 more iterations without re-planning and considered the output of 

the last iteration to be in SUE and used its result for our analysis. The reliability of this method has been proved in 

many studies (e.g., Rieser, 2010, Grether, et al., 2009). Rieser (2010) validated these criteria by comparing simulation 

results with theoretical values for a simple hypothetical transit network based on the bottleneck model (Vickrey, 1969) 

and found that the analytical calculation and the simulation produce the same results. More details on MATSim and 

the travel choice mechanisms can be found in Balmer et al. (2006). We used MATSim outputs to calculate average 

network flows, average network densities, the standard deviations of density among the links, and the average 

passenger travel time, using the following equations: 
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𝑄𝑡 =
∑ 𝑞𝑖,𝑡𝑙𝑖𝑖∈𝑧

∑ 𝑙𝑖𝑖∈𝑧
  (1) 

 𝐾𝑡 =
∑ 𝑘𝑖,𝑡𝑙𝑖𝑖∈𝑧

∑ 𝑙𝑖𝑖∈𝑧
  (2) 

 𝜎𝑡 = √
∑  (𝑙𝑖(𝑘𝑖,𝑡−𝐾𝑡)2)𝑖∈𝑧

∑ 𝑙𝑖𝑖∈𝑧
  (3) 

 𝜎ℎ𝑦𝑠 = √
∑ ∑  (𝑙𝑖(𝑘𝑖,𝑡−𝐾𝑡)2)𝑖∈𝑧𝑡∈ℎ𝑦𝑠

∑ 𝑙𝑖𝑖∈𝑧
  (4) 

  𝑇𝑇𝑡 = ∑ 𝑇𝑗𝑗∈𝐷𝑇𝑡
  (5) 

  𝑇𝑇̅̅̅̅
ℎ𝑦𝑠 =

∑ ∑ 𝑇𝑗𝑗∈𝐷𝑇𝑡𝑡∈ℎ𝑦𝑠

∑ 𝐷𝑇𝑡𝑗∈𝐷𝑇𝑡

  (6) 

Table 1. The various network characteristics and mode-choice combinations (Sioux Falls network). 

Scenario 

 Network characteristics Mode-share ratio 

Link type 
No. of lanes 

Free flow speed 

km/h 

Flow capacity 

veh/h Car % Bus % Walk% 

Urban Highway Urban Highway Urban Highway 

Scenario 1 Urban 2 NA 50 NA 2000 NA 78% 19% 3% 

Scenario 2 Urban 2 NA 50 NA 1500 NA 78% 19% 3% 

Scenario 3 Urban 1 NA 50 NA 2000 NA 78% 19% 3% 

Scenario 4 
Urban & 

Highway 
2 3 50 90 800:1000 1700:1900 58% 34% 8% 

Scenario 5 
Urban & 

Highway 
2 3 50 90 800:1000 1700:1900 55% 36% 8% 

Scenario 6 
Urban & 

Highway 
2 3 50 90 800:1000 1700:1900 52% 39% 9% 

4. Results  

We used Python to draw MFDs for different scenarios based on the MATSim outputs (Figure 1). We correlated 

loop dimensions with the density standard deviations and the average passenger travel time (a measure of network 

performance) using MFDs developed by Hemdan et al. (2017); these afford a wide range of mode-share ratios under 

various conditions (Figure 2). Following Saberi and Mahmassani (2013) and Shi and Lin (2014), we represented 

hysteresis loops in terms of width (the density difference), height (capacity drop), and area. After Xu et al. (2014), we 

divided the MFD loop into two portions, congestion onset and offset (associated with the maximum flow and loop 

start points). Xu et al. (2014) developed a method that automatically derived MFD hysteresis loops based on network 

flow-density data. The method requires identification of the loop transition points (the maximum flow, and the start 

and end points of the loop). The density distribution was more heterogeneous at the loop start point. Thus, we 

considered that examination of transition points might explain why the effect of capacity drop has not been discussed 

in the literature; this may have been present at some stage but was missed when examining overall loop intervals. 

Figure 3 shows our partitioning criterion and the transition points of the MFD hysteresis loop. Saberi and Mahmassani 

(2013) calculated the density standard deviation during the recovery period only; we calculate the values during both 

the loading and recovery periods and explore the relationships thereof with the sizes of the MFD hysteresis loops. 

Different relationships were found in terms of the average density standard deviation (for the recovery phase alone, 

and for the loading and recovery phases together), and the average passenger travel time. Table 2 shows the R2 values. 

In terms of whole-loop metrics, Table 2 shows that the density standard deviation is directly correlated with the 

loop area and width. Consideration of both the loading and recovery periods improved the correlations between the 

density standard deviation, and loop area and width (the R2 values increase in the second row), perhaps because the  
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loop is larger than that of Saberi and Mahmassani (2013). However, Wang (2016) empirically proved the existence of 

large loops. Consistent with Orfanou et al. (2012), Saberi and Mahmassani (2013), and Shi and Lin (2014), Table 2 

shows that the density standard deviation is weakly correlated with MFD whole-loop height. The average passenger 

travel time is correlated with the whole-loop area and width, but only weakly with height. The overall loop area clearly 

correlates with both the density standard deviation and the average travel time, reflecting its correlation with density 

distribution and network performance. However, some important conclusions can be derived via MFD loop 

partitioning:                                                 

 

 

 
(a)  (b) 

Fig. 1. MFDs for different scenarios: (a) morning peak, (b) evening peak. 

 

 

 
(a)  (b) 

Fig. 2. MFDs for different mode-share ratios: (a) morning peak, (b) evening peak (Hemdan et al., 2017). 

           

Fig. 3. Transition points on MFD loops. 
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Table 2. R2 values for relationships between density standard deviations and loop metrics.  

 

Whole-loop Part 1 loop Part 2 loop 

(∆Q*∆k) ∆k ∆q (∆q1*∆k1) ∆k1 ∆q1 (∆q2*∆k) ∆k ∆q2 

Average density standard 

deviation (calculated during 

recovery only) 

0.762 0.634 0.046 0.554 0.570 –0.320 0.862 0.634 0.841 

Average density standard 

deviation (calculated during 

both loading and recovery 

phases) 

0.784 

 

0.721 

 

0.021 

 

0.578 

 

0.646 

 

–0.390 

 

0.902 

 

0.721 

 

0.857 

 

Average passenger travel time 0.860 0.883 0.336 0.767 0.806 –0.701 0.888 0.883 0.510 

 

 The correlations between the density standard deviation and the metrics (area, width, and height) of the Part 2 

loop are stronger than those for the overall loop. Thus, the Part 2 loop alone represents the heterogeneity effect. 

The method developed by Xu et al. (2014) can be used to calculate directly the size of the Part 2 loop. Such 

information may suffice to describe the relationship between flow-density conditions and the spatial distribution 

of congestion; detailed traffic modeling is not required. 

 The correlations between the density standard deviation and the heights of the Parts 1 and 2 loops (R2 = 0.390 

and 0.857 for ∆q1 and ∆q2, respectively) are stronger than the correlation with overall loop height (R2 = 0.021). 

The same conclusion can be drawn for average passenger travel time. The correlations of the Part 1 and 2 loop 

heights with both density standard deviation and average passenger travel time are opposite in sign (Figures 4 and 

5). This affects the relationship between the density standard deviation and the overall loop height (capacity drop), 

explaining the lack of correlations in the works of Orfanou et al. (2012), Saberi and Mahmassani (2013) and Shi 

and Lin (2014) . Two explanations are advanced: 

1) ∆q1 is the capacity drop occurring while demand remained high (the network was loading) and is associated 

with the inability of the network to sustain the maximum capacity for a long time (Saberi and Mahmassani, 

2013). During congestion, more loading triggers less heterogeneity because all links are congested; this 

decreases network flow and, consequently, increases ∆q1. Thus, ∆q1 increases with a decrease in the density 

standard deviation. 

2) ∆q2 occurs during recovery. As congestion dissipates, the densities of many links decrease; however, some 

links are still congested, creating a higher density standard deviation. The flow on most links falls (because 

of either congestion or low link occupancy) and, consequently, ∆q2 increases. Thus, the larger the ∆q2, the 

more heterogeneous the congestion distribution during recovery. 

Fig. 4. Relationships between density standard deviations and: (a) the height of the overall loop (∆Q), (b) the height of the Part 1 loop 

(∆q1), and (c) the height of the Part 2 loop (∆q2). 
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(a) (b) 

Fig. 5. Relationships between average passenger travel time and the height of the: (a) Part 1 loop (∆q1) and, (b) Part 2 loop (∆q2). 

It is clear from Table 2 and Figures 4 and 5 that the R2 value for the correlation of density standard deviation with 

the height of the Part 2 loop is higher than that for the height of the Part 1 loop. Also, the R2 value for the average 

passenger travel time correlation with the height of the Part 1 loop is higher than that with the height of the Part 2 

loop. Thus, network performance negatively affects capacity drop during network loading, and the inhomogeneous 

spatial distribution of congestion increases flow reduction during network unloading as congestion dissipates. 

Capacity drop in the Part 1 loop is attributable to network loading, although maximum flow cannot be sustained for 

long. More loading decreases network flow (∆q1 increases). ∆q2 develops during congestion dissipation as some link 

densities decrease and some remain congested, creating a higher density standard deviation accompanied by a ∆q2 

increase. 

5. Summary and conclusion 

It is difficult to draw low-scattered MFDs for real-world city-scale networks (at the same average network density, 

average network flow as congestion builds is greater than during congestion dissipation); hysteresis loops thus 

develop. The relationships between these loop sizes and network-wide traffic conditions are of great practical 

importance when comparing traffic-control strategies. We explored relationships between the size of the MFD 

hysteresis loop, and the spatial density distributions and network performance. We utilized a multi-agent transport 

simulation tool to develop different traffic conditions on the Sioux Falls network, and we programmed various mode-

share ratios (cars and buses). Mode choice was expressed based on a random utility model featuring an agent-based, 

stochastic user equilibrium. We approximated MFD hysteresis loop areas as the products of width and height (Saberi 

and Mahmassani, 2013, Shi and Lin, 2014). We correlated loop dimensions with density standard deviations 

(representing special density distributions) and average passenger travel times (representing network performances). 

In addition, we partitioned the loop area into two parts (the congestion-building and -dissipation periods). Then, we 

correlated the average density standard deviations and passenger travel times with the sizes of the overall loop and its 

parts. We conclude that calculating average density standard deviations during both the loading and recovery periods 

improves the correlation strengths. In particular, when the MFD loop was partitioned into upper and lower parts  (the 

congestion-building and -dissipation periods, respectively), the correlation between the density standard deviation and 

the lower loop was stronger than that with the overall loop. Thus, the lower loop alone represents the heterogeneity 

effect. Such heterogeneous density distribution increases flow reduction during network unloading as congestion 

dissipates. We also found that the correlations between the density standard deviations and the heights of both the Part 

1 and 2 loops were stronger than the correlation with overall loop height, because the two loop heights exerted opposite 

effects on the density standard deviation, explaining why no relationship between capacity drop and congestion 

inhomogeneity was found in previous research (Saberi and Mahmassani, 2013, Shi and Lin, 2014, Orfanou et al., 

2012). Also, the average passenger travel time was inversely correlated with the height of the upper part of the loop. 

Thus, network performance inversely affects the capacity drop when the network is loading.  

We found that MFD hysteresis could be used to compare traffic-control strategies simply, facilitating appropriate 

decision-making. Although our simulations are promising, empirical real data for a multi-modal network require 
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evaluation. Practical application of our method requires detailed information on vehicle- and people-flow counts, 

vehicle occupancies, and origin-destination matrices.  
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